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Abstract
For a theory with first and second class constraints, we propose a procedure for conversion of second class constraints based on deformation
the structure of local symmetries of the Lagrangian formulation. It does not require extension or reduction of configuration space of the theory.
We give examples in which the initial formulation implies a nonlinear realization of some global symmetries, therefore is not convenient. The
conversion reveals hidden symmetry presented in the theory. The extra gauge freedom of conversed version is used to search for a parameterization
which linearizes the equations of motion. We apply the above procedure to membrane theory (in the formulation with world-volume metric). In
the resulting version, all the metric components are gauge degrees of freedom. The above procedure works also in a theory with only second
class constraints presented. As an examples, we discuss arbitrary dynamical system of classical mechanics subject to kinematic constraints,
O(N)-invariant nonlinear sigma-model, and the theory of massive vector field with Maxwell–Proca Lagrangian.
© 2007 Elsevier B.V. Open access under CC BY license.1. Introduction and outlook
The conventional method for covariant quantization of a the-
ory with second class constraints is to go over to an equivalent
formulation where second class constraints are replaced by the
first class ones in one or another way. One possibility is to work
in extended phase space, where an additional variables can be
used for conversion [1]. Another possibility is to search for
special deformation of a theory in original phase space, which
allows one either to discard half of the constraints (“gauge un-
fixing method”) [2], or to solve the constraints in terms of a
redundant number of variables [3]. Then the gauge theory quan-
tization methods can be applied to the resulting formulation.
The above mentioned conversion schemes have been devel-
oped in Hamiltonian framework. In this work we propose a
conversion scheme based on a Lagrangian formulation. It does
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configuration space variables. Roughly speaking, in Lagrangian
theory (with first and second class constraints presented in
the Hamiltonian formulation) we search for parameterization
of configuration space which results in special deformation of
original local symmetries and, in turn, implies conversion of
second class constraints.2
The work is organized as follows. In the rest of this sec-
tion we describe our procedure in some details. In Section 2
we apply the procedure to a number of models with first and
second class constraints. We start with two specific mechanical
models where conversion of second class constraints allows one
to make manifest hidden global symmetries of the theory. We
point out also that extra gauge freedom presented in the con-
verted version can be useful for the linearization of equations
of motion. Further we convert second class constraints of mem-
2 Green–Schwarz superstring action can be interesting in this respect. While
for IIB case fermionic constraints can be covariantly separated into irreducible
first and second class subsets [17], type IIA and N = 1 cases remain unsolved
problem up to date.
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metric. In resulting version all the metric components turn out
to be gauge degrees of freedom. In Section 3 we explain how
the conversion procedure can be applied in a theory with second
class constraints only. Here our scheme implies an extension of
original space by pure gauge degrees of freedom. For the the-
ory of massive vector field with Maxwell–Proca Lagrangian it
simply reduces to introduction of Stuckelberg field. Further we
fulfill conversion in arbitrary dynamical system subject to kine-
matic constraints. As particular examples, we discuss a particle
on a sphere and O(N)-invariant nonlinear sigma-model.
Here we describe schematically our procedure of conver-
sion. Let L(qA, q˙A) be Lagrangian of a theory with first and
second class constraints presented in Hamiltonian formulation.
In Lagrangian formulation, the first class constraints manifest
themselves in invariance of an action under some local symme-
try transformations [4–6]. Let
(1)δqA = (k) RA(q, q˙) + · · · ,
be infinitesimal form of one of the symmetries, with local pa-
rameter (τ ) and gauge generator RA. In Eq. (1) (k) ≡ ∂k
∂τk
,
and the dots stand for all terms with less then k-derivatives
acting on the parameter. A local symmetry with at most k deriv-
atives acting on the parameter is called
(k)
 -symmetry below.
(k)
 -symmetry generally implies [7] the appearance of some con-
straint on the (k + 1)-stage of the Dirac procedure (clearly, it
means that there is a chain [8] composed of primary, secondary,
. . . , (k + 1)-stage constraints). This observation will be crucial
for our present discussion. Now we describe how the symmetry
(1) can be used to convert some pair of second class constraints
into a first class constraint.
Let us divide coordinates qA in two groups: qA = (qi, qα).
We change parameterization of the configuration space: qA →
q˜A according to the transformation which involves derivatives
of qα
(2)qi = qi(q˜A, ˙˜qα), qα = qα(q˜β).
We suppose that the transformation is “invertible”
(3)det ∂q
i
∂q˜j
= 0, det ∂q
α
∂q˜β
= 0,
which implies that q˜A can be determined from (2): q˜i =
q˜i (qA, q˙α), q˜α = q˜α(qβ). Owing to the conditions (3), our
theory can be equally analyzed in terms of the Lagrangian
L˜ ≡ L(q(q˜), q˙(q˜)). We further suppose that the transformation
(2) has been chosen in such a way that L˜ does not involve higher
derivatives, modulo to total derivative term (we show below that
it is possible in singular theory)
(4)L˜(q˜, ˙˜q, ¨˜q) = L˜′(q˜, ˙˜q) + dF(q˜,
˙˜q)
dτ
.
Let us see what one can say about the structure of Hamil-
tonian constraints of our theory in the new parameteriza-
tion L˜, in comparison with L. One should note that the lo-
cal symmetry for the set q˜ is generally of
(k+1)
 -type: δq˜i =(k+1)
 ∂q˜
i
∂q˙α
R˜α(q˜A, ˙˜qA, ¨˜qα) + · · · . Since the order of the sym-
metry has been raised by one unit, on (k + 2)-stage of the
Dirac procedure an extra constraint appears. On other hand, the
physical sector of L˜ is the same as for L. If order of other sym-
metries (if any) was not lowered, the only possibility3 is that
extra (k + 2)-stage constraint is of first class, and it replaces
some pair of second class constraints of initial formulation. In
resume, an appropriate parametrization (2)–(4) of the configu-
ration space implies a deformation of local symmetries which,
in turn, can result in conversion of second class constraints.
Clearly, Eqs. (3), (4) represent only necessary conditions for
the conversion.
Note that one can consider more general transformations:
qi = qi(q˜A, ˙˜qα, ¨˜qα, . . . ,
(s)
q˜ α), qα = qα(q˜β) which involve
higher derivatives of q˜α . It generally increases the order of
symmetry by s units, and 2s second class constraints can be
converted. Example of such a kind is presented in Section 2.2.
The condition (4) can be easily satisfied if some variable
enters into the action without derivative. In this respect, let
us point out that for a singular theory L(q, q˙), there exists an
equivalent formulation L′(q ′, q˙ ′) with the desired property. Ac-
tually, starting from the singular L: rank ∂L
∂qA∂qB
= [α] < [A],
one can construct the Hamiltonian H = H0(qA,pj ) + vαΦα ,
where Φα(qA,pj ) = pα − fα(qA,pj ) are primary constraints,
and the variables qA have been divided in two groups ac-
cording to the rank condition: qA = (qi, qα), det ∂L
∂qi∂qj
= 0.
Here H0, fα do not depend on pα [9]. We further separate a
phase space pair which corresponds to some fixed α, for ex-
ample α = 1: (qA,pA) = (q1,p1, z). According to [5] (see
p. 256), there exists a canonical transformation (q1,p1, z) →
(q ′1,p′1, z′), such that the Hamiltonian acquires the form H ′ =
H ′0(q ′1, z′) + v1p′1 + vα
′
Φα′(q ′1, z′). One can restore [10] the
Lagrangian L′(q ′, q˙ ′) which reproduce H ′ in the Hamiltonian
formalism. By construction, L′ does not depend on q˙ ′1.
2. Examples of conversion in a theory with first and second
class constraints
2.1. Conversion in a theory with hidden SO(1,4) global
symmetry
Let us consider a theory with configuration space variables
xμ, e, g (where μ = 0,1,2,3, ημν = (−,+,+,+)), and action
(5)
S =
∫
dτ
(
1
2e
(
x˙μ − gxμ)2 + 1
2e2
g2 − ag
)
, a = const.
The model has a manifest SO(1,3) global symmetry. The only
local symmetry is the reparametrization invariance, with form
3 Here the condition (4) is important. A deformed theory with higher deriva-
tives, being equivalent to the initial one, has more degrees of freedom than the
number of variables qA [5]. So the extra constraints would be responsible for
ruling out of these hidden degrees of freedom. Our condition (4) forbids the
appearance of the hidden degrees of freedom.
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δτ = 0, δxμ = −αx˙μ,
(6)δe = −(αe)., δg = −(αg)..
The model turns out to be interesting in the context of doubly
special relativity [11]. Passing to the Hamiltonian formalism
one obtains the Hamiltonian (vi denote the Lagrangian multi-
pliers for the corresponding primary constraints)
(7)H = e
2
p2 + g(xp) − g
2
2e2
+ ag + vepe + vgpg,
as well as the constraints (the initial constraints have been reor-
ganized with the aim to separate the first class ones)
(8)
pe + (xp + a)pg = 0, p2 + (xp + a)2 + 2ep2pg = 0,
(9)pg = 0, g − e(xp + a) = 0.
The first (second) line represents first (second) class constraints.
The equations of motion of the (e, x)-sector can be written as
follows
e˙ = ve, p˙e = 0,
(10)x˙μ = e(pμ + (xp + a)xμ), p˙μ = −e(xp + a)pμ.
In terms of variables
(11)Xμ = ax
μ
xp + a , P
μ = ap
μ
xp + a ,
they acquire a form similar to those of free relativistic particle,
namely
(12)X˙μ = ePμ, P˙μ = 0, P2 = −a2.
The presence of the conserved current P˙μ = 0 indicates a hid-
den global symmetry related with the homogeneity of the con-
figuration space. As it will be demonstrated, a conversion re-
veals the symmetry and allows one to find a manifestly invariant
formulation of the theory.
To convert the pair of the second class constraints (9) one
needs to raise the order of the symmetry (6) by unit. From
Eq. (6) one notes that it can be achieved by shifting some vari-
able on e˙. Since the variable g enters into the action without
derivative, a shift of the type g = g˜ + e˙ does not lead to higher
derivative terms in the action and thus realizes the conversion. It
is convenient to accompany the shift by an appropriate change
of variables. Namely, let us make the invertible transformation
(xμ, e, g) → (x˜A = (x˜μ, x˜4), g˜), where
(13)x˜μ = e− 12 xμ, x˜4 = e− 12 , g˜ = g − e˙
2e
.
In terms of these variables the action (5) acquires the form
S˜ =
∫
dτ
(
1
2
( ˙˜xA − g˜x˜A)2 − ag˜
)
,
(14)ηAB = (−,+,+,+,+),
where the einbein e was combined with x˜μ to form a 5-vector.
The resulting action has a manifest SO(1,4) global symmetry.
The conserved current Pμ then corresponds to the symmetryunder rotations in (x˜μ, x˜4)-planes. The local symmetry of the
action (14) can be obtained from Eqs. (6), (13), and is of α¨-type
δτ = 0, δx˜A = 1
2
α˙x˜A − α ˙˜xA,
(15)δg˜ = 1
2
α¨ − α˙g˜ − α ˙˜g.
Passing to the Hamiltonian formulation one obtains the Hamil-
tonian H = 12 p˜2 + g˜x˜Ap˜A + ag˜ + vg˜pg˜ , and the constraints
(16)p˜g˜ = 0, x˜Ap˜A + a = 0, p˜Ap˜A = 0,
all of them being the first class. Thus S˜ represents the converted
version of the action (5).
Let us write equations of motion for xA-sector ˙˜xA = p˜A +
g˜x˜A, ˙˜pA = −g˜p˜A. In the gauge g˜ = x˜μp˜μ +a, p˜4 = x˜μp˜μ +a
for the theory (14) one reproduces the initial dynamics (10)
(taken in the gauge e = 1). Going over to the gauge g˜ = 0,
p˜4 = a, one obtains the free equations (12). Hence the extra
gauge freedom, resulting from the conversion of second class
constraints, can be used to search for a useful parameterization
which linearizes equations of motion. This example demon-
strates also that our procedure is different from the conversion
scheme of the work [3] based on redundant parameterization.4
In resume, second class constraints have been converted with-
out changing (extension or reduction) of number of variables of
the theory.
2.2. Conversion in a theory with hidden conformal symmetry
Here we discuss a conversion of a chain with four second
class constraints presented. Let us consider an action with man-
ifest SO(1,4) global symmetry
(17)S =
∫
dτ
(
1
2e
(
x˙A
)2 − e
2
m2 + g((xA)2 − a2)
)
,
where A,B = 0,1,2,3,4, ηAB = (−,+,+,+,+), m,a =
const, a = 0. It is a reparametrization invariant, with the form
transformations being α˙-symmetry, see (6). In the Hamiltonian
formulation one finds the following system of constraints
(18)
pe + m
2
2a2
pg = 0,
(
pA
)2 + m2 − m2
a2
((
xA
)2 − a2) = 0;
(19)
pg = 0,
(
xA
)2 − a2 = 0, xApA = 0, g − m
2
2a2
e = 0.
The first (second) line represents first (second) class constraints
(the constraints (x˜M)2 = 0, x˜Mp˜M = 0 can be linearized, see
[12]).
The chain of four second class constraints can be converted
by raising of order of the local symmetry by two units. To this
4 Our new variables do not solve the second class constraints.
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(x˜A, x˜5), g˜), where
(20)x˜A = e− 12 xA, x˜5 = ae− 12 , g˜ = eg + 3e˙
2
8e2
− e¨
4e
.
For this set of variables, the action (17) acquires the form
S˜ =
∫
dτ
(
1
2
( ˙˜xM)2 + g˜(x˜M)2 − 1
2
a2m2
(
x˜5
)−2)
,
(21)ηMN = (−,+,+,+,+,−).
Local symmetry of (21) can be obtained from Eqs. (6), (20),
and is of
(3)
α -type
δτ = 0, δx˜M = 1
2
α˙x˜M − α ˙˜xM,
(22)δg˜ = 1
4
(3)
α −2α˙g˜ − α ˙˜g.
In the Hamiltonian formulation one obtains the constraints
p˜g˜ = 0,
(
x˜M
)2 = 0, x˜Mp˜M = 0,
(23)(p˜M)2 + c2m2
(
x˜5
)−2 = 0,
all of them being the first class. Thus the transformation (20)
turn out α˙-symmetry of the initial action into
(3)
α -symmetry,
which results in replacement of four second class constraints
(19) by a pair of first class ones.
The action (17) with m = 0 implies conservation of pA:
p˙A = 0, the latter equation appears as one of equations of mo-
tion. It indicates on hidden global symmetry responsible for the
current. The conversion of second class constraints made by
transition to the action (21) reveals the symmetry: the action
(21) with m = 0 is SO(2,4)-invariant. The current pA corre-
sponds to rotations in (x˜A, x˜5)-planes.
2.3. Conversion of second class constraints in the membrane
action
Here we consider a membrane in terms of variables xμ(σ i),
gij (σ i), where σ i , i = 0,1,2 are coordinates parametrizing
world-volume, xμ, μ = 0,1,2, . . . ,D − 1 gives embedding of
the world-volume in a Minkowski space–time, gij represent
metric on the world-volume. The membrane action [13]
(24)S = T
2
∫
d3σ
(−detgij )− 12 (−gij ∂ixμ∂jxμ + 1),
is invariant under reparametrizations on the world-volume,
where xμ are scalar functions and gij is second rank tensor. The
corresponding infinitesimal transformations of the form are
δσ i = 0, δxμ = −ξ i∂ixμ,
(25)
δgij = gik∂kξ j + gjk∂kξ i − ξk∂kgij = gi0ξ˙ j + gj0ξ˙ i + · · · ,
where in the second line we have omitted those terms which
do not involve time derivative of parameters. Owing to ξ˙ -
symmetry (25), six first class constraints appear in the Hamil-
tonian formulation. Besides (note that the metric obeys alge-
braic equations), six constraints of the second class are pre-
sented. We demonstrate below, how the second class constraintscan be converted into first class ones by deformation of the local
symmetry (25).
We begin with making convenient parameterization of the
world-volume metric. Namely, let us consider the following
change of variables5: gij → (N,Na, γ ab), a, b = 1,2, where
(26)gij =
(−(detγ ab)−1N2 (detγ ab)−1NNa
(detγ ab)−1NNb (detγ ab)−1(γ ab − NaNb)
)
.
It is invertible, with the inverse transformation being
N = g00(−detgij )−1/2, Na = g0a(−detgij )−1/2,
(27)γ ab = (detgij )−1(gabg00 − g0ag0b).
Now the action acquires a polynomial form for all variables6
except N
S = T
2
∫
d3σ
(
N
(
x˙μ − N−1Na∂axμ
)2
(28)− N−1γ ab∂axμ∂bxμ + N−1 detγ ab
)
.
Moreover, the symmetry (25) acquires more transparent form
for the new variables, in particular, δγ ab does not involve time
derivative of the parameters
δN = Nξ˙0 + · · · , δNa = Nξ˙a + · · · ,
(29)δγ ab = 0 + · · · .
In the Hamiltonian formulation the action (28) implies the con-
straints
pN = 0, p
2
T 2
+ det(∂ax∂bx) = 0,
(30)pNa = 0, p∂ax = 0,
(31)πab = 0, (detγcd)−1γab = ∂ax∂bx,
where the last line represents six second class constraints. Here
πab are conjugated momenta for γ ab , and γab is inverse ma-
trix for γ ab. The last expression in (31) is equivalent to γ 22 =
∂1x∂1x, γ 12 = −∂1x∂2x, γ 11 = ∂2x∂2x. Eq. (29) suggests that
conversion can be performed by the following shift in Eq. (28)
(32)γ ab =
(
h11 + N˙1 h12 + N˙
h12 + N˙ h22 + N˙2
)
.
In comparison with the initial action (28), one has now kinetic
terms for N -fields. So the only three primary constraints ap-
pear: πab = 0, where πab are conjugated momenta for hab . On
the other hand, the modified action has three α¨-symmetries, see
Eqs. (29), (32). Thus one expects appearance of three tertiary
first class constraints, the latter replace six second class con-
straints (31) of the initial formulation. In some details, for the
5 They are related with conventional ADM variables g00 = −N˜−2, g0a =
N˜−2N˜a , gab = γ˜ ab − N˜−2N˜aN˜b as follows: N˜ = (detγ ab) 12 N−1, N˜a =
NaN−1, γ˜ ab = (detγ ab)−1γ ab .
6 An additional transformation N−1Na = Nˆa , Nγ ab = γˆ ab implies polyno-
mial form of action. But the hatted variables have more complicated transfor-
mation law.
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S = T
2
∫
d3σ
[
N
(
x˙μ − N−1Na∂axμ
)2
− N−1((haa + N˙a)∂ax∂ax + 2(h12 + N˙)∂1x∂2x
(33)− (h11 + N˙1)(h22 + N˙2)− (h12 + N˙)2)],
one obtains the Hamiltonian
H =
∫
d2σ
(
1
2TN
p2 + N
a
N
p∂ax − N2T p
2
N +
2N
T
pN1pN2
− pNh12 − pNahaa − pN∂1x∂2x + pN2∂1x∂1x
(34)+ pN1∂2x∂2x + T2N det(∂ax∂bx) + v
ab
h πab
)
,
as well as the following three chains of first class constraints
π12 = 0, pN = 0, p
2
T 2
+ det(∂ax∂bx) = 0,
(35)πaa = 0, pNa = 0, p∂ax = 0.
Thus all the metric components turn out to be gauge degrees
of freedom in the theory (33). Starting from the Hamiltonian
(34), one obtains the well-known membrane equations of mo-
tion [14] in the gauge N = 1, Na = 0, (dethab)−1hab = ∂ax∂bx
(they can be linearized for half-rigid membrane [15]).
In resume, we have find a special representation (26), (32)
for the membrane world-volume metric. The reparametrization
invariance for new variables turns out to be a symmetry of
α¨-type, which implies conversion of second class constraints
presented in the initial action. In the modified action (33), all
the metric components are gauge degrees of freedom.
3. Examples of conversion in a theory with second class
constraints only
Our conversion trick can be realized in a theory with second
class constraints only (i.e. in a theory without local symmetries
presented in the initial formulation). To proceed with, one notes
that arbitrary theory without local symmetry can be reformu-
lated as a gauge theory on appropriately extended configuration
space. The trivial gauge symmetry of the extended formulation
can be further used for the conversion of second class con-
straints according to our procedure. For example, in a given
Lagrangian action with one of variables being q , let us make
the substitution q = ab, where a, b represent new configuration
space variables. The resulting action is equivalent to the initial
one, an auxiliary character of one of new degrees of freedom is
guaranteed by the trivial gauge symmetry: a → a′ = αa, b →
b′ = α−1b (another simple possibility is to write q = a + b,
which implies the symmetry a → a′ = a +α, b → b′ = b−α).
The well-known examples of such a kind transformation are
einbein formulation in gravity theory: gμν = eaμeaν (which im-
plies local Lorentz invariance), as well as duality transforma-
tions in some specific models [16].
Let us see how it works on example of Maxwell–Proca La-
grangian for massive vector field
S =
∫
d4x
(
−1FμνFμν + 1m2AμAμ
)
,4 2(36)Fμν ≡ ∂μAν − ∂νAμ.
It implies a chain composed by primary and secondary con-
straints
(37)p0 = 0, ∂ipi + m2A0 = 0.
The modes A0,p0 are determined by these algebraic equations.
In the converted version these modes turn into gauge degrees
of freedom. For the case, a transformation which creates de-
sirable α˙-symmetry consist in introduction of Stuckelberg field
φ(xμ): Aμ = A˜μ − ∂μφ. The modified action is invariant under
local transformations φ → φ′ = φ+α, A˜μ → A˜′μ = A˜μ +∂μα,
where A˜μ transforms as electromagnetic field. Due to this
α˙-symmetry, in the modified formulation two first class con-
straints p˜0 = 0, ∂ip˜i +pφ = 0 appear. The last constraint states
that φ is auxiliary degree of freedom which can be removed
by the gauge φ = 0. The first class constraint p˜0 = 0 replaces
the two second class constraints (37) of the initial formulation,
and states that A0 is gauge degree of freedom in the modified
formulation.
As a less trivial example, we rewrite classical mechanics
with kinematic constraints as a gauge theory. Let L0(qa, q˙b)
be Lagrangian of some system of classical mechanics in terms
of generalized coordinates qa . The Lagrangian is supposed to
be nondegenerate
(38)det ∂
2L0
∂q˙a∂q˙b
= 0.
A motion restricted on some hypersurface defined by nonde-
generate system of equations Gi(qa) = 0, rank ∂Gi∂qa = [i] < [a]
can be described by the well-known action with Lagrangian
multipliers λi(τ )
(39)S =
∫
dτ
(
L0(q, q˙) + λiGi(q)
)
.
Here the variables λi(τ ) are considered on equal footing with
qa(τ ). Let us construct a Hamiltonian description of the sys-
tem. Due to the rank condition (38), equations for the momenta:
pa = ∂L0∂q˙a can be resolved in relation of q˙a . Let q˙a = f a(q,p)
be solution:
(40)∂L0
∂q˙a
∣∣∣∣
q˙=f (q,p)
≡ pa, det ∂f
a
∂pb
= 0.
Conjugated momenta for λi represent [i] primary constraints of
the theory: pλi = 0. Then one obtains the Hamiltonian
(41)H = H ′ − λiGi(q) + viλpλi, H ′ ≡ paf a − L(q,f ).
Conservation in time of the primary constraints: p˙λi =
{pλi,H } = 0 implies secondary constraints Gi(q) = 0. In turn,
conservation of G gives tertiary constraints Fi ≡
Gia(q)f
a(q,p) = 0, where Gia ≡ ∂Gi∂qa and Eq. (40) was used.
Poisson brackets of the constraints are {Gi,Fj } = Gia ∂f c∂pa Gjc ≡
Δij . Owing to Eq. (40) and the condition rankGia = [i] one
concludes detΔij = 0. The inverse matrix for Δ is denoted as
Δ˜ij . Further, the condition F˙i = 0 implies fourth stage con-
straints λi − Δ˜ij {Fj ,H ′} = 0. At last, conservation in time
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viλ = {Δ˜ij {Fj ,H ′},H ′ − λkGk}. Thus we have a theory with
4[i] second class constraints
pλi = 0, Gi = 0, f aGia = 0,
(42)λi − Δ˜ij {Fj ,H ′} = 0.
The conversion can be carried out by making the following
transformation in the action (39)
(43)λi = λ˜i + e¨i ,
where auxiliary configuration space variable ei(τ ) has been in-
troduced. The modified action
(44)S =
∫
dτ
(
L0(q, q˙) − e˙iGiaq˙a + λ˜iGi(q)
)
,
does not contain higher derivative terms and is invariant under
local transformations λ˜i → λ˜′ i = λ˜i + α¨i , ei → e′ i = ei − αi .
Due to this α¨-symmetry one expects an appearance of 3[i] first
class constraints in the Hamiltonian formulation for the theory
(44). To confirm this, let us write defining equations for conju-
gated momenta
pa ≡ ∂L
∂q˙a
= ∂L0
∂q˙a
− e˙iGia,
(45)pei ≡ ∂L
∂e˙i
= −Giaq˙a, pλ˜i = 0.
The last equation represents [i] primary constraints. Remain-
ing equations can be resolved in relation of the velocities q˙a ,
e˙i , since the corresponding block of Hessian matrix is non-
degenerate. It can be easily seen in special coordinates cho-
sen as follows. The initial coordinates qa can be reordered in
such a way that rank minor of the matrix ∂Gi
∂qa
is placed on the
right: qa = (qα, qi), det ∂Gi
∂qj
= 0. Now, let us make invertible
change of variables qa → q˜a , where q˜α = qα, q˜i = Gi(qa). In
this variables our Lagrangian is L˜ = L0(q˜, ˙˜q) − e˙i ˙˜qi + λ˜i q˜i .
From this expression one immediately finds the determinant of
the Hessian matrix being det ∂2L˜
∂2(q˜,e)
= det ∂2L0
∂ ˙˜qα∂ ˙˜qβ
. It is nonzero
since in classical mechanics the quadratic form ∂
2L0
∂ ˙˜qa∂ ˙˜qb
is posi-
tive defined.
Let us return to analysis of the action (44). The correspond-
ing Hamiltonian is
H = paq˙a + pei e˙i − L0(q, q˙) + e˙iGiaqa − λ˜iGi(q)
(46)+ vi
λ˜
pλ˜i ,
where q˙a , e˙i are solutions of Eqs. (45). As before, secondary
constraints turn out to be Gi(q) = 0. Their conservation in time
can be easily computed by using of Eq. (45): G˙i = {Gi,H } =
−pei which gives tertiary constraints pei = 0. Then the com-
plete constraint system is composed by 3[i] first class con-
straints
(47)pλ˜i = 0, Gi = 0, pei = 0.
The first class constraints pei = 0 simply state that variables ei
are pure gauge degrees of freedom, as it was expected. Theycan be removed from the formulation if one chooses the gauge
ei = 0. The remaining 2[i] first class constraints in Eq. (47)
replace 4[i] second class constraints (42) of the initial formula-
tion.
As a particular example, let us consider a motion of a parti-
cle on 2-sphere of radius c, with the action being
(48)S =
∫
d3x
(
1
2
m
(
x˙i
)2 + λ((xi)2 − c2)
)
.
It implies the following chain of 4 second class constraints
pλ = 0, x2 − c2 = 0, xp = 0,
(49)p2 + 2mc2λ = 0.
The conversion is achieved by the transformation λ = λ˜+ 12me¨,
which generates the symmetry λ˜ → λ˜′ = λ˜ + 12mα¨, e → e′ =
e − α. The modified action
(50)S =
∫
d3x
(
1
2
mx˙2 − me˙xx˙ + λ˜(x2 − c2)
)
implies first class constraints only, namely
(51)pλ˜ = 0, x2 − c2 = 0, pe = 0.
O(N)-invariant nonlinear sigma-model
(52)S =
∫
dDx
(
1
2
(
∂μφ
a
)2 + λ((φa)2 − 1)
)
,
represents an example of field theory with similar structure of
second class constraints. Hence the transformation λ = λ˜ +
∂μ∂
μe gives formulation with first class constraints only
(53)
S =
∫
dDx
(
1
2
(
∂μφ
a
)2 − 2∂μe∂μφaφa + λ˜((φa)2 − 1)
)
.
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